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In 1991, Norton and his colleagues presented a technique for
animating 3D solid objects that broke when subjected to large
strains [12]. They simulated a teapot that shattered when dropped
onto a table. Their technique used a spring and mass system to
model the behavior of the object. When the distance between
two attached mass points exceeded a threshold, the simulation sev-
ered the spring connection between them. To avoid having �exi-
ble strings of partially connected material hanging from the object,
their simulation broke an entire cube of springs at once.

Two limitations are inherent in both of these methods. First,
when the material fails, the exact location and orientation of the
fracture are not known. Rather the failure is de�ned as the entire
connection between two nodes, and the orientation of the fracture
plane is left unde�ned. As a result, these techniques can only re-
alistically model effects that occur on a scale much larger than the
inter-node spacing.

The second limitation is that fracture surfaces are restricted to the
boundaries in the initial mesh structure. As a result, the fracture pat-
tern exhibits directional artifacts, similar to the �jaggies� that occur
when rasterizing a polygonal edge. These artifacts are particularly
noticeable when the discretization follows a regular pattern. If an ir-
regular mesh is used, then the artifacts may be partially masked, but
the fractures will still be forced onto a path that follows the element
boundaries so that the object can break apart only along prede�ned
facets.

Other relevant work in the computer graphics literature includes
techniques for modeling static crack patterns and fractures induced
by explosions. Hirota and colleagues described how phenomena
such as the static crack patterns created by drying mud can be mod-
eled using a mass and spring system attached to an immobile sub-
strate [8]. Mazarak et al. use a voxel-based approach to model
solid objects that break apart when they encounter a spherical blast
wave [9]. Neff and Fiume use a recursive pattern generator to di-
vide a planar region into polygonal shards that �y apart when acted
on by a spherical blast wave [10].

Fracture has been studied more extensively in the mechanics lit-
erature, and many techniques have been developed for simulating
and analyzing the behavior of materials as they fail. A number of
theories may be used to describe when and how a fracture will de-
velop or propagate, and these theories have been employed with
various numerical methods including �nite element and �nite dif-
ference methods, boundary integral equations, and molecular parti-
cle simulations. A comprehensive review of this work can be found
in the book by Anderson [1] and the survey article by Nishioka [11].

Although simulation is used to model fracture both in computer
graphics and in engineering, the requirements of the two �elds are
very different. Engineering applications require that the simulation
predict real-world behaviors in an accurate and reliable fashion. In
computer animation, what matters is how the fracture looks, how
dif�cult it was to make it look that way, and how long it took. Al-
though the technique presented in this paper was developed using
traditional engineering tools, it is an animation technique and relies
on a number of simpli�cations that would be unacceptable in an
engineering context.

3 Deformations

Fractures arise in materials due to internal stresses created as the
material deforms. Our goal is to model these fractures. In order
to do so, however, we must �rst be able to model the deformations
that cause them. To provide a suitable framework for modeling
fractures, the deformation method must provide information about
the magnitude and orientation of the internal stresses, and whether
they are tensile or compressive. We would also like to avoid defor-
mation methods in which directional artifacts appear in the stress
patterns and propagate to the resulting fracture patterns.
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Figure 2: The material coordinates de�ne a 3D parameterization of
the object. The function � ( � ) maps points from their location in the
material coordinate frame to their location in the world coordinates.
A fracture corresponds to a discontinuity in � ( � ).

We derive our deformation technique by de�ning a set of differ-
ential equations that describe the aggregate behavior of the material
in a continuous fashion, and then using a �nite element method to
discretize these equations for computer simulation. This approach
is fairly standard, and many different deformation models can be
derived in this fashion. The one presented here was designed to be
simple, fast, and suitable for fracture modeling.

3.1 Continuous Model

Our continuous model is based on continuum mechanics, and an ex-
cellent introduction to this area can be found in the text by Fung [7].
The primary assumption in the continuum approach is that the
scale of the effects being modeled is signi�cantly greater than the
scale of the material’s composition. Therefore, the behavior of the
molecules, grains, or particles that compose the material can be
modeled as a continuous media. Although this assumption is often
valid for modeling deformations, macroscopic fractures can be sig-
ni�cantly in�uenced by effects that occur at small scales where this
assumption may not be valid. Because we are interested in graph-
ical appearance rather than rigorous physical correctness, we will
put this issue aside and assume that a continuum model is adequate.

We begin the description of the continuous model by de�ning
material coordinates that parameterize the volume of space occu-
pied by the object being modeled. Let � = [u; v; w]T be a vector
in <3 that denotes a location in the material coordinate frame as
shown in Figure 2. The deformation of the material is de�ned by
the function � ( � ) = [x; y; z]T that maps locations in the material
coordinate frame to locations in world coordinates. In areas where
material exists, � ( � ) is continuous, except across a �nite number
of surfaces within the volume that correspond to fractures in the
material. In areas where there is no material, � ( � ) is unde�ned.

We make use of Green’s strain tensor, � , to measure the local
deformation of the material [6]. It can be represented as a 3 � 3
symmetric matrix de�ned by

�ij =
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where �ij is the Kronecker delta:

�ij =

�

1 : i = j
0 : i 6= j :

(2)

This strain metric only measures deformation; it is invariant with re-
spect to rigid body transformations applied to � and vanishes when
the material is not deformed. It has been used extensively in the
engineering literature. Because it is a tensor, its invariants do not
depend on the orientation of the material coordinate or world sys-
tems. The Euclidean metric tensor used by Terzopoulos and Fleis-
cher [18] differs only by the �ij term.

In addition to the strain tensor, we make use of the strain rate
tensor, � , which measures the rate at which the strain is changing.
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It can be derived by taking the time derivative of (1) and is de�ned
by
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where an over dot indicates a derivative with respect to time such
that _

� is the material velocity expressed in world coordinates.
The strain and strain rate tensors provide the raw information

that is required to compute internal elastic and damping forces, but
they do not take into account the properties of the material. The
stress tensor, � , combines the basic information from the strain and
strain rate with the material properties and determines forces inter-
nal to the material. Like the strain and strain rate tensors, the stress
tensor can be represented as a 3 � 3 symmetric matrix. It has two
components: the elastic stress due to strain, � (�), and the viscous
stress due to strain rate, � (�). The total internal stress, is the sum
of these two components with

� = � (�) + � (�) : (4)

The elastic stress and viscous stress are respectively functions of
the strain and strain rate. In their most general linear forms, they
are de�ned as
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where
�

is a set of the 81 elastic coef�cients that relate the ele-
ments of � to the elements � (�), and � is a set of the 81 damping
coef�cients.1

Because both � and � (�) are symmetric, many of the coef�cients
in
�

are either redundant or constrained, and
�

can be reduced to
36 independent values that relate the six independent values of � to
the six independent values of � (�). If we impose the additional con-
straint that the material is isotropic, then

�
collapses further to only

two independent values, � and �, which are the Lam·e constants of
the material. Equation (5) then reduces to

�
(�)
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��kk�ij + 2��ij : (7)

The material’s rigidity is determined by the value of �, and the
resistance to changes in volume (dilation) is controlled by �.

Similarly, � can be reduced to two independent values, � and  
and (6) then reduces to

�
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��kk�ij + 2 �ij : (8)

The parameters � and � will control how quickly the material dis-
sipates internal kinetic energy. Since � (�) is derived from the rate
at which � is changing, � (�) will not damp motions that are locally
rigid, and has the desirable property of dissipating only internal vi-
brations.

Once we have the strain, strain rate, and stress tensors, we can
compute the elastic potential density, �, and the damping potential
density, �, at any point in the material using
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1Actually � and � are themselves rank four tensors, and (5) and (6) are
normally expressed in this form so that � and � will follow the standard
rules for coordinate transforms.
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Figure 3: Given a point in the material, the traction, � , that acts
on the surface element, dS, of a differential volume, dV, centered
around the point with outward unit normal, ^� , is given by � = � ^� .
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These quantities can be integrated over the volume of the material to
obtain the total elastic and damping potentials. The elastic potential
is the internal elastic energy of the material. The damping potential
is related to the kinetic energy of the material after subtracting any
rigid body motion and normalizing for the material’s density.

The stress can also be used to compute the forces acting internal
to the material at any location. Let ^� be an outward unit normal
direction of a differential volume centered about a point in the ma-
terial. (See Figure 3.) The traction (force per unit area), � , acting
on a face perpendicular to the normal is then given by

� = � ^� : (11)

The examples in this paper were generated using this isotropic
formulation. However, these techniques do not make use of the
strain or strain rate tensors directly; rather they rely only on the
stress. Switching to the anisotropic formulation, or even to a non-
linear stress to strain relation, would not require any signi�cant
changes.

3.2 Finite Element Discretization

Before we can model a material’s behavior using this continuous
model, it must be discretized in a way that is suitable for computer
simulation. Two commonly used techniques are the �nite difference
and �nite element methods.

A �nite difference method divides the domain of the material
into a regular lattice and then uses numerical differencing to ap-
proximate the spatial derivatives required to compute the strain and
strain rate tensors. This approach is well suited for problems with
a regular structure but becomes complicated when the structure is
irregular.

A �nite element method partitions the domain of the material
into distinct sub-domains, or elements as shown in Figure 4. Within
each element, the material is described locally by a function with
some �nite number of parameters. The function is decomposed into
a set of orthogonal shape, or basis, functions that are each associ-
ated with one of the nodes on the boundary of the element. Adja-
cent elements will have nodes in common, so that the mesh de�nes
a piecewise function over the entire material domain.

Our discretization employs tetrahedral �nite elements with linear
polynomial shape functions. By using a �nite element method, the
mesh can be locally aligned with the fracture surfaces, thus avoid-
ing the previously mentioned artifacts. Just as triangles can be used
to approximate any surface, tetrahedra can be used to approximate
arbitrary volumes. Additionally, when tetrahedra are split along a
fracture plane, the resulting pieces can be decomposed exactly into
more tetrahedra.

We chose to use linear elements because higher-order elements
are not cost effective for modeling fracture boundaries. Although
higher-order polynomials provide individual elements with many
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